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MHD equations
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Polytropic relation: p = T



Mass weighted filtering
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Filtered MHD equations
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Subgrid-scale modeling -1

Eddy-viscosity model:
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Following Prandtl’s mixing length phenomenology turbulent viscosity and magnetic
diffusion can both be approximated as the product of the grid filter

width and a characteristic velocity V or magnetic field strength B. Since V and B are
hard to determine directly in a homogeneously turbulent flow, one can instead extract
estimates for them from the respective subgrid energy-dissipation.

™ - Kinetic subgrid-energy dissipation

(f) ~ ]_4% ( s K ) 1/3
yos [V (g My 15

The subgrid models differ in the way they estimate these dissipation functions

dimensional M i ) .
considerations 7" - magnetic subgrid-energy dissipation



Smagorinsky model for MHD

Approximating the subgrid eneray dlssmatlon with the aid of the local resolved dissipaion
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Kolmogorov model for MHD

If the grid filter cutoff lies within the inertial spectral range of the homogeneously turbulent system and
the nonlinear exchange between resolved kinetic and magnetic energy is much smaller than the
respective dissipation, kinetic subgrid-energy dissipation and magnetic subgrid-energy dissipation can
be assumed to depend only on time. Thus except a unit factor carrying the necessary dimensions and
an explicit filter scale dependence, both functions and can be absorbed by the nondimensional
parameters yielding the Kolmogorov scaling model

n, =C, r AY® - turbulent viscosity
tY =2Y,FA"®|SY| -isotropicterm

h, =D,A"® - turbulent magnetic diffusivity



Cross-helicity model
The cross helicity is H® = L (u-B)dV

With regard to the mixing length framework outlined above the functions ¢
and / are estimated as the product of subgrid dissipation and an associated
length scale. However, instead of the local resolved kinetic and magnetic

energy dissipation terms, the corresponding local cross-helicity dissipation

expressions the resolved vorticity =V Xv

~Cu__Qu.gh Ch__ .

gt 8 e’ ) w the electric current density j=V Xb
The cross-helicity is related to the transfer between kinetic and magnetic
energies caused by the Lorentz force. Therefore, the cross helicity allows one

to estimate the energy exchange between large and small scales in the LES
method:
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computed
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Dynamic procedure

modeled in LES
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Germano assumed that there is an
algebraic relation between the
stresses at two different filter levels
and the resolved stresses. In this
model, the model parameter is
determined dynamically, and not an

ad hoc constant.

Applying a second filter to the
filtered momentum equations a
similar expression is achieved for
the new subtest scale stress tensor
Tij.



Dynamic procedure

v,=Cyay; (for ;) - common form
L The angular brackets
£ (PT_E) i L (55, 5. 5,) indicate spatial averaging
5 e i _-’L'?'u l
u L - u g 24 (LS _'l_'|r“I )
Z* = '-.':.Tz';- — Ty — Lz'_r'." > S Sl L
|.'lll-jr ;}I .'II-.]r E; I:'
Least square technique
Negative value corresponds . PR 2 R
to the backscatter energy M;; =0 (% - ?*’k*) —aj (*’a‘r - Ti”m’r)

cascade.



Validation results
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Kinetic energy
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Magnetic energy
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Skewness and flathess

The departure from Gaussianity for fluid turbulence in the laboratory or in
numerical simulations is measured in terms of the skewness and flatness factors.

Theflatness factor (sometimes also called kurtosis) in turbulent flows is a measure of
intermittency. The flatness is an indication of the occurrence of fluctuations far from the
mean: it is an indicator of the relative frequency of rare events. Hence the flatness
increases with increasing sparseness of the fluctuations:

4 z T s
Ku. = <u2"i >2 ij = 2j 2
. (< u, >) (< Bj >)

The skewnessis related to the asymmetry of the probability density function of the velocity
or magnetic filed fluctuations. It is a sensitive indicator of changes in the large scale
structure.

3
g < > o < Bf >
u.= : , =
J (< M? >)3/2 J (< Bf >)3f2
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Filtered MHD equations for heat-

conducting plasma
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CASE STUDIES

Since compressibility effects and temporal dynamics of temperature defined from the
total energy equation depend nontrivially on the Mach number, in this work we consider
three cases:

the Mach number Ms = 0.38, that is, the flow is moderately compressible;

the Mach number Ms = 0.70 , when compressibility plays an important role in turbulent
fluid flow:;

the Mach number Ms= 1.11 corresponding to appearance of strong discontinuity in
essentially compressible flow.

In all three numerical experiments, the following dimensionless parameters for
computations are used: the hydrodynamic Reynolds number Re = 281, the microscale
(Taylor) Reynolds number Re | = 43, the magnetic Reynolds number Re_ m= 10, the
magnetic Mach number Ma = 1.2, the Prandtl number Pr = 1.0 and the ratio of the
specific heats 1.5.



gy

Kinetic en

027
0250 *om.., .
0.25} R . 1

0.24} e 1

=2
b
w
T
A
%/
‘}' .
+
I
1

0221 e

021F &

Time dynamics of kinetic
and magnetic energy

Vagnetic energy

0.13

0128

0122

2118

0114

N
D, e
T
r L - ]
+2 e
e
-'.‘\'\ 5"-\-\._\__\-\_
#._+‘<'\:_+ R
T e T s
i ks i Yo 7
i C P
R
1 1 1

o] 0.0z aAd Q.15 0.2 0.23 0.3

Curve

LES without any 3(:S models
LES

LES without energy SGS terms

Dismond line
Solid line
Dotted line

Marker +




Cross-helicity
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Kinetic energy spectrum

Magnetic energy spectrum

10" 10’

Kinetic and magnetic energy spectra.
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Kinetic eneragy spectrum

Magretic energy spectrum

Kinetic and magnetic energy spectra.
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There is growing interest in observations and
explanation of the spectrum of the density
fluctuations in the interstellar medium. These
fluctuations are responsible for radio wave
scattering in the interstellar medium and cause
interstellar scintillation fluctuations in the
amplltude and phase of radio waves. Kolmogorov-
like > spectrum of density fluctuations have
been observed in wide range of scales in the local
interstellar medium (from an outer scale of a few
parsecs to scales of about 200 km).



Parameters of numerical study of local interstellar
medium

For study of compressible MHD turbulence in interstellar, medium we use large eddy
simulation (LES) method. Smagorinsky model for compressible MHD case for subgrid-
scale parameterization is applied. The Smagorinsky model for compressible MHD
turbulence showed accurate results under various range of similarity numbers.

Initial Re~2000 M~=M ,~2.2
parameters:
Re,=200  (ambipolar
diffusion)

The initial isotropic turbulengspectrum was chosen for kinetic and magnetic energies in
Fourier space to be close to with random amplitudes and phases in all three
directions. The choice of such spectrum as initial conditions is due to velocity
perturbations with an initial power spectrum in Fourier space similar to that of developed
turbulence.



Compressibility properties
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Turbulent spectra in the local interstellar medium
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The kinetic ener%y spectrum (left). Normalized and smoothed spggtrum of kinetic energy,
multiplied by (right). Notice that the spectrum is close to K ~ in a forward cascade
regime of decaying turbulence. However, there is well-defined inertial Kolmogorov-like

range of K3



Turbulent spectra in the local interstellar medium

Fl
10° - -
B = g0t
s .. E 10~
Thas of = P L Semveewsiserie S palsge sy simswsirime G YR LS g siemewsies
e, © . S A
: L &
g 10 T W \
g \‘b, o e 2 e
e B 5 =
- AN %
2 Mo 2
_’b: b \.4\:‘ I'\'_ ) | 2
L P B
o 10 Illl' \\"l"' "ll\”_ = -“-,2_
X Y 210
] \’ &
o
Re
g
E
107 -
1 Ll
u 10 [ IL : g A : ']
k 10 10

k

The density spectrum is the solid line and the density fluctuations spectrum isk%e dot line (left).
Normalized and smoothed spectrum of density quctuatio_r‘és, multiplied by (right). Both
graphs (in the left figure) have spectral index close to K . Moreover, there is well-defined
inertial Kolmogorov-like range of k‘5/3 that confirms observation data.
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