
Coexistence of weak and strong turbulence in
incompressible Hall MHD

Romain Meyrand

LESIA
Observatoire de Paris

Meudon Turbulence Workshop
ENERGY CASCADE AND DISSIPATION IN ASTROPHYSICAL

TURBULENT PLASMAS
28/04/2015



Numerical experiments of Hall MHD turbulence in the
presence of a strong mean magnetic field





∂u
∂t

+ u · ∇u = −∇P∗ + b · ∇b + fu + νh∇6u

∂b
∂t

= ∇× [(u− di∇× b)×b] + fb + ηh∇6b
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Which mode dominates the magnetic field fluctuations ?

Chapitre V. Brisure Spontanée de symétrie chiral en turbulence Hall MHD
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Figure V.1 – Propagation d’ondes d’Alfvéns généralisées le long d’un champ magnétique quasi-
uniforme.

Z−Λ = 0, ce qui impliquent d’après V.8 que UΛ et BΛ sont anti-colinéaires. De la même
manière, d’après V.11 les ondes se propagent dans sens opposé du champ magnétique si
Z+

Λ = 0, ce qui impliquent que UΛ et BΛ sont colinéaires. Or d’après V.5 la colinéarité de
UΛ et BΛ est la même que la colinéarité de û et b̂. Ainsi

−s = σc = û · b̂∗ + b̂ · û∗

2|û||b̂|

Au final on à donc :

Pm = −σmσc =





+1 ⇒ Whistler

−1 ⇒ Ion Cyclotron
(V.12)

De manière remarquable, on peut donc construire une grandeur physique Pm appelé
polarisation magnétique spectral qui permet de distinguer la polarisation des ondes sans
qu’il soit nécessaire de projeter les champs û et b̂ sur une base hélicitaire. Dans le régime
linéaire les ondes de la Hall MHD vérifient donc,





( ̂̂u, b̂) = 0 ou π,

( ̂̂a, b̂) = (̂̂j, b̂) = 0 ou π,
(V.13)

Dans le cas non-linéaire on a en toute généralité, ( ̂̂u, b̂) ∈ [0, π] et ( ̂̂a, b̂) ∈ [0, π]. Ont peut
distinguer les fluctuations droites et gauches des champs en suivant la même convention
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Origin of anisotropy in whistler wave turbulence
In the long time statistical behavior most of the nonlinear terms will be destroyed
by random phase mixing and only a few of them – called the resonance terms –
will survive.

{
skk‖ + sppp‖ + sqqq‖ = 0

k + p + q = 0
⇒ spp − sk

q‖
= sqq − spp

k‖
= sk − sqq

p‖

The local interaction limit simplifies the resonance conditions as follows :
(sp − s)k‖ ∼ (sq − sp)q‖.
Exact kinetic equations for EMHD at the level of three-wave interactions :

∂tE(k) = πε

8

∑

sspsq

∫ (
sqq − spp

k‖

)2

× {complicated stuff }

Only the interaction between two waves with opposite polarities will contribute
significantly to the nonlinear dynamics.

It implies that either q‖ ∼ 0 or p‖ ∼ 0.

Does the anomalous spectrum can be explained by G.I.K phenomenology ?
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Bicoherence Analysis

Bicoherence

C2(ωk , ωl) = | 〈〈Ψ(x, ωk)Ψ(x, ωl)Ψ∗(x, ωk+l)〉〉 |2
〈〈|Ψ(x, ωk)Ψ(x, ωl)|2〉〉 〈〈|Ψ∗(x, ωk+l)|2〉〉

Schwartz’s inequality ⇒ C(ωk , ωl) ∈ [0, 1]

Interpretation of bicoherence : Bicoherence measures the proportion of the
signal energy at any bifrequency (k, l) that is quadratically phase coupled to k + l.
A large bicoherence means that the phase difference arg Ψk+ arg Ψl− arg Ψk+l
reaches a fixed value, even though each phase, when taken separately, may vary in
a random way.

Examples of utilization :
Crack detection in aircraft, power generation plant, rail tracks, etc.
Detection of "non-cooperative" aircraft target
Analysis Electroencephalography
Analysis of L-H transition in tokamak
Analysis of gravity-capillary weak turbulence
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Interpretation of bicoherence figures




y(t) =

4∑

i=1

sin((ωi + δωi)t + φi)

ω1 + ω2 = ω3 ; ω1 − ω2 = ω4 ; φ1,2 = random[−π, π]

Coupled
{
φ1 + φ2 = φ3

φ1 − φ2 = φ4
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{
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φ4 = random[−π, π]
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whistler↑+whistler↓ =⇒ whistler↑
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whistler↑+whistler↑ =⇒ whistler↑
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whistler↑+ion cyclotron↓ =⇒ whistler↑
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Nature of the left handed fluctuations
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Left handed fluctuations are strongly nonlinear.
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Nature of the left handed fluctuations

It is possible to show rigorously (heuristic explanation in Meyrand et al. PRL 2012) :

{
Eu

L(k) = k2d2
i Eb

L(k),

Eb
R(k) = k2d2

i Eu
R(k).

Left handed fluctuations are driven by the velocity field, right handed by the magnetic field.

1 10 100
k�di   

10−10

10−5

100

Eb R
/L
(k

�
)

Fo
rc

in
g

1 10 100

10−10

10−5

100

k�
2.8Eb

R(k�)

1
10

100

k�
11/3Eb

L(k�)

10

100

1 10 100

10−10

10−5

100

1 10 100
k�di   

10−10

10−5

100

Eu R
/L
(k

�
)

Fo
rc

in
g

1 10 100

10−10

10−5

100

k�
5/3Eu

L(k�)

0.1
1.0

10.0

k�
4.8Eu

R(k�)

100

1000

1 10 100

10−10

10−5

100

Romain.Meyrand@obspm.fr 11 / 14



Wavenumber-frequency spectrum

Left handed fluctuations are driven by the velocity field, right handed by the magnetic field.
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Weak magnetohydrodynamic turbulence
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Three-dimensional numerical simulation is used to investigate intermittency in
incompressible weak magnetohydrodynamic turbulence with a strong uniform
magnetic field b0 and zero cross-helicity. At leading order, this asymptotic regime
is achieved via three-wave resonant interactions with the scattering of a wave on a
2D mode for which k‖ = 0. When the interactions with the 2D modes are artificially
reduced, we show numerically that the system exhibits an energy spectrum with k−3/2

⊥ ,
whereas the expected exact solution with k−2

⊥ is recovered with the full nonlinear
system. In the latter case, strong intermittency is found when the vector separation
of structure functions is taken transverse to b0. This result may be explained by the
influence of the 2D modes whose regime belongs to strong turbulence. In addition
to shedding light on the origin of this intermittency, we derive a log-Poisson law,
ζp= p/8+ 1− (1/4)p/2, which fits the data perfectly and highlights the important role
of parallel current sheets.

Key words: intermittency, MHD turbulence, wave–turbulence interactions

1. Introduction

One of the most striking features of strong hydrodynamic (HD) turbulence is the
presence of both a complex chaotic spatial/temporal behaviour and a remarkable
degree of coherence. The small-scale correlations of turbulent motion are known to
show significant deviations from the Gaussian statistics usually expected in systems
with a large number of degrees of freedom (She, Jackson & Orszag 1988). This
phenomenon, known as intermittency, has been the subject of much research and
controversy since its first experimental observation in 1949 (Batchelor & Townsend
1949). It still challenges any tentative rigorous analytical description from first
principles (i.e. the Navier–Stokes equations). Intermittency can be measured by

† Email address for correspondence: sebastien.galtier@lpp.polytechnique.fr
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The overall home message

A sea of weakly interacting whistler waves can be
vigorously influenced by a strongly turbulent velocity
field background.
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